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If we are able to “solve” L2 we will also be able to solve L1.

Lemma

If L1 6p L2 and L2 ∈ P then L1 ∈ P.
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Definition (3-Coloring-Planar-4)

Given: A planar graph G = (V ,E ) of degree 4
Question: does G have a 3-Coloring?

Theorem

The 3-Coloring-Planar-4 Problem is NP-complete.
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Theorem

The Hamilton Cycle Problem is NP-complete.
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Definition

P-Completeness

Definition

A problem L is P-Complete iff:

L ist in P.

∀L′ ∈ P L′ may be reduced to L with poly-logarithmic storage:

a function f computable with poly-logarithmic memory, such
that:
∀w ∈ Σ∗ : w ∈ L ⇔ f (w) ∈ L′
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Matching

The Maximum Matching Problem

Definition (Matching)

Let G = (V ,E ) be a graph.
M ⊆ E is called a matching iff ∀e, f ∈ M : e ∩ f 6= ∅.

Definition (Maximum Matching Problem)

Given: Graph G = (V ,E )
Output: matching M with: ∀M ′ : M ⊂ M ′ ⊆ E : M ′ is not a matching.

Theorem (Maximum Matching Problem)

The Maximum Matching Problem is in P.

Method: Greedy



Matching

The Maximum Matching Problem

Definition (Matching)

Let G = (V ,E ) be a graph.
M ⊆ E is called a matching iff ∀e, f ∈ M : e ∩ f 6= ∅.

Definition (Maximum Matching Problem)

Given: Graph G = (V ,E )
Output: matching M with: ∀M ′ : M ⊂ M ′ ⊆ E : M ′ is not a matching.

Theorem (Maximum Matching Problem)

The Maximum Matching Problem is in P.

Method: Greedy



Matching

The Maximum Matching Problem

Definition (Matching)

Let G = (V ,E ) be a graph.
M ⊆ E is called a matching iff ∀e, f ∈ M : e ∩ f 6= ∅.

Definition (Maximum Matching Problem)

Given: Graph G = (V ,E )
Output: matching M with: ∀M ′ : M ⊂ M ′ ⊆ E : M ′ is not a matching.

Theorem (Maximum Matching Problem)

The Maximum Matching Problem is in P.

Method: Greedy



Matching

The Maximum Matching Problem

Algorithm:

Input G = (V < E )

Let M = ∅

While E 6= ∅ do

Choose e ∈ E
Let E := E \ {f ∈ E | e ∩ f 6= ∅}
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The Maximum Matching Problem

Algorithm:

Input G = (V < E ) bipartite graph

Let M = ∅

While there exists a alternating path (a0, a, 1, a2, · · · al) in G with
{a2·i , a2·i+1} 6∈ M and {a2·i+1, a2·i} ∈ M do

Exchange the edges in P:

Add the edges of the form {a2·i , a2·i+1} to M and
Delete the edges of the form {a2·i+1, a2·i} from M
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Flow

The Maximum Flow Problem

Definition (Flow)

Let G = (V ,E ) be a directed graph with cost function c : E 7→ IN

Let s, t ∈ V be the source and sink.

A function f : E 7→ IN is call a flow function iff:

∀e ∈ E : 0 6 f (e) 6 c(e)

∀v ∈ V \ {s, t} :
∑

e=(v ,w)∈E f (e) =
∑

e=(w ,v)∈E f (e)

The value of the flow is:
∑

e=(s,w)∈E f (e)−
∑

e=(w ,s)∈E f (e)

Definition (Maximal Flow Problem)

Given: Graph G = (V ,E ), s, t ∈ V and c : E 7→ IN
Output: maximal flow function f .

Theorem (Maximal Flow)

The Maximum Flow Problem is in P.
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Flow

Maximal Flow

Algorithm of Ford Fulgerson:

An edge (a, b) is usable as an forward edge (a, b) if
c((a, b))− f ((a, b)) > 0

An edge (a, b) is usable as an backward edge (b, a) if f ((a, b)) > 0

An forward edge (a, b) may take the additional flow
x(a, b) = c((a, b))− f ((a, b))

An backward edge (b, a) may “take” a flow x(b, a) = f ((a, b))

While there is a path of usable edges from s to t do

increase the total flow by the minimal value x(a, b) on the
path.
changes on forward edges: f (a, b) := f (a, b) + x(a, b)
changes on backward edges: f (a, b) := f (a, b)− x(a, b)

Running Time if DFS is used: O(|F | · |E |+ |V |)

Running Time if BFS is used: O(|V | · |E |2 + |V |)
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Flow

The Minimal Cut

Definition (Flow)

Let G = (V ,E ) be a directed graph with cost function c : E 7→ IN

Let s, t ∈ V be the source and sink.

A,B ⊂ V is called a cut iff

s ∈ A and t ∈ B

A ∩ B = ∅ and A ∪ B = V

The capacity of a A,B cut is:
∑

e=(v ,w)∈E ,v∈A,w∈B c(e)

Theorem (Min-Cut-Max-Flow)

The value of the Maximal Flow is the same as the value of the Minimal
Cut.
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Flow

Maximal Flow

Algorithm of Dinic:

While there is a Path of usable edges from s to t do

Compute a level network of usable edges:

Execute a BFS on the usable edges
The level network exits only of edges from a level l to l + 1

Compute a maximal flow on the level network

while there is a path from s to t which may enlarge the flow
enlarge the flow

“add” the flow from the level network to the graph

Running time for level network: O(|E |2) .... O(|V | · |E |)

Running time: O((|V |2 · |E |))
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Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential

propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t

propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Flow

Maximal Flow

Algorithm with Forward/Backward Propagation:

Potential of an edge (a, b): pot((a, b)) := c((a, b))− f ((a, b))

Potential of an node v :
min(

∑
(v ,w)∈E pot((v ,w)),

∑
(w ,v)∈E pot((v ,w)))

Compute a maximal flow on the level network

Take the node with positive and minimal potential
propagate that potential forward to t
propagate that potential backward to s

Running time for level network: O(|V |2)

Running time: O((|V |3)



Euler

The Euler Tour

Definition (Edge Graph)

Let G = (V ,E ) be a directed graph, then

E (G ) = (E , {((a, b), (b, c)) | (a, b), (b, c) ∈ E}) is called the edge
graph of G .

Definition (Euler Tour Problem)

Given: Graph G = (V ,E )
Output: a Hamilton Cycle in E (G )

Theorem (Euler Tour)

The Euler Tour Problem is in P.
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Approximation of Metric TSP

Definition (Metric Graph)

Let G = (V ,E ) be a graph with cost function c : E 7→ IN

G is metric iff ∀a, b, c ∈ V : c({a, b}) + c({a, b}) 6 c({a, b})

Theorem

The TSP Problem may be approximated within a factor of 1.5 for metric
graphs.
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